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What is Nonparametric Teaching?

Nonparametric Teaching builds on the idea of machine teaching [7]—involving de-
signing a training set (dubbed the teaching set) to help the learner rapidly converge
to the target functions—but relaxes the assumption of target functions being para-
metric [1, 2], allowing for the teaching of nonparametric (viz. non-closed-form) target
functions, with a focus on function space.

Machine teachingcanbeconsideredasan inverseproblemofmachine learning, where
machine learning aims to learn a model from a dataset, while machine teaching aims
to find a minimal dataset from the target model.

Machine Learning Machine TeachingVS.

Training Set
Teaching Set
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“Parametric” VS. “Nonparametric”

Theparametric case [1, 2] assumes that f can be represented by a set of parameters
w, e.g., f(x) = ⟨w,x⟩ with input x1.

Nonparametric Iterative Machine Teaching
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(a) Parametric IMT
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(b) Nonparametric IMT

Figure 1. Comparison between parametric and nonparametric IMT
in 3D space. (a): Parameters are precisely vectors represented by
a point in 3D space, which would be updated gradually towards
w∗. (b): Nonparametric model f can be denoted by a surface in
3D, which would evolve in more complicated fashion.

to a nonparametric target function f∗. Figure 1 provides an
intuitive comparison between parametric and nonparametric
iterative teaching in a 3-dimensional space.

Shifting our focus to functions, we formulate NIMT as
an instance of functional optimization problem (Singer,
1974; Zoppoli et al., 2002; Mroueh et al., 2019; Shen et al.,
2020), and then derive two algorithms (one picks exam-
ples randomly, and the other picks examples in an greedy
fashion). Without loss of generality, we are mainly con-
cerned with the Reproducing Kernel Hilbert Space (RKHS)
in this paper. We start with a simple baseline algorithm,
called Random Functional Teaching (RFT), which essen-
tially adopts uniform sampling and serves as a functional
analogue of stochastic gradient descent (Ruder, 2016; Hardt
et al., 2016). In the context of IMT, we analyze the func-
tional gradient descent method (Mason et al., 1999a; Shen
et al., 2020) in RKHS, and then find that based on the chain
rule for functional gradients (Gelfand et al., 2000; Cole-
man, 2012), the gradient in NIMT can be expressed by the
multiplication of a scalar governing the magnitude and the
kernel function with the teaching example as its argument.
Therefore, steepening gradients is equivalent to maximizing
that scalar, which naturally leads to our greedy algorithm
– Greedy FT (GFT). GFT picks examples evaluated at the
point where the target and current models reach their maxi-
mal difference (Arbel et al., 2019; Cormen et al., 2022). Fur-
thermore, under mild assumptions, we theoretically prove
the convergence of both RFT and GFT, and then show that
the ITD of GFT is lower than that of RFT. This concludes
that GFT yields a tighter upper bound for ITD. Finally,
we validate our theoretical findings with a number of ex-
periments in both synthetic and real-world datasets under
nonparametric scenarios. To summarize, the contributions
of our work are listed as follows.

• To our knowledge, we are the first to comprehensively
study Nonparametric Iterative Machine Teaching (NIMT),
which focuses on exploring iterative algorithms for teach-

ing parameter-free target models from the optimization
perspective. Instead of operating in the finite-dimensional
space of parameters, we formulate NIMT as a functional
optimization in the space of infinite-dimensional func-
tions, a more general space of models (i.e., RKHS is
considered), in Section 4.1. NIMT is a natural generation
of IMT (Liu et al., 2017), shifting the parametric paradigm
to a nonparametric one.

• We propose two teaching algorithms (RFT and GFT). RFT
is based on random sampling with ground truth labels, and
the derivation of GFT is based on the maximization of
the informative scalar introduced in Proposition 5 in or-
der to steepen gradients. These two teaching algorithms
proposed in Section 4.2 fill the gap for teaching nonpara-
metric learners in IMT.

• We theoretically analyze the asymptotic behavior of both
RFT and GFT in Section 4.3. We prove that per-iteration
reduction of loss L for RFT and GFT has a negative upper
bound expressed by the discrepancy of iterative teaching
defined in Definition 10, and we derive that the ITD of
GFT is O(ψ( 2L(f0)

η̃ϵ )) (detailed notations are introduced
in the subsequent sections), which is shown to be lower
than the ITD of RFT, O(2L(f0)/ (η̃ϵ)).

2. Related Work
Machine teaching. There has been a recent growth of in-
terest in the research of machine teaching (Zhu, 2015; Zhu
et al., 2018; Liu et al., 2017; 2018; Wang et al., 2021). Batch
machine teaching studies behaviors of version space learn-
ers (Chen et al., 2018; Tabibian et al., 2019), linear learners
(Liu et al., 2016), reinforcement learners (Kamalaruban
et al., 2019; Zhang et al., 2020b) along with forgetful learn-
ers (Hunziker et al., 2018; Liu et al., 2018) and multiple
learners (Zhu et al., 2017). Further, taking the learner’s
optimization algorithm into consideration, iterative teaching
has been recently studied (Liu et al., 2017; 2018; Peltola
et al., 2019; Lessard et al., 2019; Liu et al., 2021; Xu et al.,
2021; Qiu et al., 2022). (Liu et al., 2021) considers a label
synthesis teacher and (Qiu et al., 2022) proposes a genera-
tive teacher. (Xu et al., 2021) improves the scalability and
efficiency of the iterative teaching algorithm with locality-
sensitive sampling. Different from existing works that focus
on parametric learners, we aim to teach a nonparametric
learner. In this regime, One of the most related work is
(Mansouri et al., 2019) which analyzes sequential teaching
from the perspective of hypothesis pruning without spec-
ifying a parameter for hypothesis. In contrast, this work
systematically investigates nonparametric teaching from the
optimization perspective. Besides, (Kumar et al., 2021;
Qian et al., 2022) are also highly related, since they study
non-gradient-based kernel learners under the batch setting.
However, they are not strictly nonparametric teaching since

2

Parametric assumption results in difficulty when the target models are defined to
be implicit mappings, such as mappings from sequences to properties learned by
attention mechanisms. Such a limitation is addressed by Nonparametric Teaching
[4, 5, 6, 3], which generalizes model space from a finite dimensional one to an infinite
dimensional one.

1The loss L can be general for different tasks, e.g., square loss for regression and hinge loss for classification.
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Sequence Property Learning

Manymodern learning tasks involve sequences
as inputs, such as sentences, image patches,
or video frames. Each sequence is associated
with a property, e.g., the next-token probability,
sentiment label, or class category.

Learning these tasks amounts to learning an
implicit mapping from sequences to proper-
ties, which is typically achieved by attention
learners.

Figure: Implicit mapping from sequences to
properties.
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Attention Learner

Attention learners, such as transformers, are
designed to learn implicit mappings from se-
quences to their properties by adaptively as-
signing importance to each element in the se-
quence.

Given an input sequence S ∈ RS×d, a self-
attention layer computes

fθ(S) = softmax
(
Q(S)K(S)⊤√

d

)
V(S),

where the attention weights determine how
much each element contributes to the output.
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Figure: Workflow of a self-attention learner.
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Motivation

The motivation comes from two folds:
• Efficiency bottleneck of attention learners. Training attention-based models
is notoriously expensive due to quadratic attention computation and
large-scale parameterization. This issue becomes particularly severe for LLMs
and Vision Transformers, where redundant or low-informative sequences
dominate the training process.

• Lack of principled data selection mechanisms. Despite their success,
attention learners are typically trained using uniformly sampled data, without
explicitly leveraging which sequences are most informative for accelerating
convergence.

• Limited scope of nonparametric teaching. Existing nonparametric teaching
frameworks are mainly developed for graph-structured or shallow models, and
their applicability to attention-based learners remains largely unexplored.
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From Parameter Space to Function Space

We show that the evolution of an attention learner driven by parameter gradient de-
scent canbeequivalently expressedas functional gradient descent in nonparametric
teaching.

Nonparametic Teaching

Attention Neural Tangent Kernel
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Attention Neural Tangent Kernel (ANTK)

The Attention Neural Tangent
Kernel (ANTK) characterizes
the evolution of an attention
learner under parameter gra-
dient descent.

It captures how attention in-
duces importance-adaptive
updates during training.
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Figure: Illustration of dynamic ANTK.
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AtteNT Algorithm
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However, when a specific sequence Sj is provided as the input to ∂fθt (·)
∂θt , the ANTK becomes a

matrix defined as Kθt(Si,Sj) =
〈

∂fθt (Si)
∂θt ,

∂fθt (Sj)
∂θt

〉
. This formulation aligns with the vector-

valued kernel used in functional gradient descent (Zhang et al., 2023a). When the input sequence
Si is specified, one argument of Kθt is fixed, leading the ANN to update along Kθt(Si, ·), with
the magnitude of the update determined by ∂fθt (Si)

∂θt . This process reflects the core mechanism of
functional gradient descent. In summary, the ANTK and the canonical vector-valued kernel share
a consistent mathematical framework and exhibit similar effects on the evolution of the associated
ANN. Additionally, Theorem 3 establishes the asymptotic relationship between the ANTK and the
canonical kernel used in functional gradient descent.

A.5 ATTENT ALGORITHM

Algorithm 1 AtteNT Algorithm
Input: Target mapping f∗ realized by a dense set of sequence-property pairs, initial ANN fθ0 , the
size of selected training set m ≤ N , small constant ϵ > 0 and maximal iteration number T

Set fθt ← fθ0 , t = 0

while t ≤ T and ∥[fθt(Si)− f∗(Si)]N∥F ≥ ϵ do
The teacher selects m teaching sequences:

/* Sequences associated with the m largest ∥fθt(Si)− f∗(Si)∥2 */

{Si}m∗
= argmax

{Si}m⊆{Si}N

∥[fθt(Si)− f∗(Si)]m∥F

Provide {Si}m∗ to the attention learner

The learner updates fθt based on received {Si}m∗:

// Parameter-based gradient descent

θt ← θt − η
mS

∑
Si∈{Si}m

∗
∑S

j=1∇θL(fθt(Si)(j,:), f
∗(Si)(j,:))

Set t← t+ 1
end

26

AtteNT selects sequences whose predicted properties exhibit the largest discrep-
ancy from their targets.

By feeding only these informative sequences to the learner, AtteNT amplifies gradient
magnitude and accelerates convergence of attention learners. This process can be
interpreted as a form of functional gradient amplification under the attention neural
tangent kernel.
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Experiments and Results
We conduct extensive experiments on NLP and CV tasks to validate the effectiveness
of AtteNT.
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constant (Kakade & Tewari, 2008; Arjevani et al., 2016). Building on these insights, the AtteNT
algorithm selects sequences by

{Si}m∗
= argmax

{Si}m⊆{Si}N

∥[fθ(Si)− f∗(Si)]m∥F . (21)

The pseudocode is provided in Algorithm 1.

5 EXPERIMENTS AND RESULTS

To demonstrate the broad effectiveness of the AtteNT Algorithm, we conducted extensive experiments
across diverse domains. Our evaluation covered large language models and computer vision models.
In addition, we validated performance under multiple training paradigms, including training from
scratch, and fine-tuning, consistently achieving strong results.

LLM Scenario. We evaluate AtteNT algorithms across a diverse set of natural language gen-
eration (NLG) tasks. Specifically, we fine-tune LLaMA 2-7B (Touvron et al., 2023), Mistral-
7B (Jiang et al., 2023), and Gemma-7B (Team et al., 2024) on the MetaMathQA dataset (Yu et al.,
2023a) to benchmark their mathematical reasoning capabilities on GSM8K (Cobbe et al., 2021)
and MATH (Hendrycks et al., 2021). To assess coding proficiency, we further fine-tune these mod-
els on CodeFeedback (Zheng et al., 2024b) and evaluate on HumanEval (Chen et al., 2021a) and
MBPP (Austin et al., 2021). For conversational ability, we train on WizardLM-Evol-Instruct (Xu
et al., 2023) and evaluate on MT-Bench (Zheng et al., 2024a). All experiments are conducted on
standardized subsets to ensure comparable training efficiency and are trained for five epochs.

As shown in Table 1, AtteNT consistently outperforms standard fine-tuning across all evaluated
models and tasks while reducing computational overhead. Specifically, fine-tuning LLaMA, Mistral,
and Gemma with AtteNT yields accuracy gains of 1.39, 2.14, and 2.42 on GSM8K, and 1.59, 2.89,
and 0.76 on MATH. On coding benchmarks, AtteNT improves performance by 3.66%, 3.25%, and
0.29% on HumanEval, and by 2.08%, 3.25%, and 3.31% on MBPP. We further report average
fine-tuning time per model under identical data volumes and epoch settings. Since runtime variation
arises primarily from AtteNT’s adaptive data selection, the observed results highlight its efficiency:
on average, AtteNT reduces training time by 12.78%, underscoring its advantage in both performance
and resource savings.

CV Scenario. The Multi-Modal MAE (Bachmann et al., 2022) is designed to address a diverse range
of downstream tasks by employing three specialized encoders, each dedicated to processing a distinct
image modality. During pre-training, we explore various selection strategies, including different
ratios and intervals, to optimize model configuration. The pretraining process is conducted over 800
epochs.

For unsupervised pre-training, we utilize ImageNetS50 (Gao et al., 2021) to evaluate the effective-
ness of the AttneNT method in enhancing the performance of downstream tasks under suboptimal
conditions. Classification performance is assessed using the validation subset of the original dataset,
while semantic segmentation and depth estimation tasks are fine-tuned and evaluated on the NYUv2
dataset (Silberman et al., 2012). Given the absence of a large multi-task dataset with aligned task-
specific images (Doersch & Zisserman, 2017; Bachmann et al., 2022; Wang et al., 2023), we generate
pseudo-labels for ImageNetS50 using Mask2Former (Cheng et al., 2022).

Table 1: AtteNT on NLG tasks. The results are averaged over three runs, with standard deviations
included. The GSM8K and MATH datasets share a math fine-tuned model, while HumanEval and
MBPP use a code fine-tuned model. MT-Bench utilizes a conversation fine-tuned model. The "Avg.
time" represents the average fine-tuning time for the three models.

Model AtteNT Avg. Time(↓) GSM8K(↑) MATH(↑) HumanEval(↑) MBPP(↑) MT-Bench(↑)

LLaMA 2-7B w/o 246±1m 42.96±0.12 5.06±0.16 18.35±0.31 35.65±0.25 4.58±0.01
w 213±2m 43.45±0.55 6.48±0.24 21.80±0.38 37.61±0.42 4.49±0.02

Mistral-7B w/o 204±2m 69.13±0.22 20.06±0.20 43.42±0.14 58.52±0.13 5.03±0.05
w 180±2m 71.26±0.23 23.12±0.44 46.55±0.25 61.74±0.54 5.32±0.04

Gemma-7B w/o 228±2m 75.23±0.45 30.52±0.48 53.83±0.27 65.69±0.29 5.42±0.04
w 201±2m 77.74±0.32 31.40±0.36 54.26±0.28 66.28±0.46 5.44±0.08
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Table 2: AtteNT across various CV downstream tasks. ImageNetS50 uses 50 categories from ImageNet
for classification, evaluated by accuracy. NYUv2(S) is a semantic segmentation task with mIoU as
the metric. NYUv2(D) involves depth estimation, evaluated using the δ1 metric, which measures the
percentage of pixels with an error ratio below 1.25 (Doersch & Zisserman, 2017).

Model AtteNT Pretraining Time(↓) ImageNetS50(↑) NYUv2(S)(↑) NYUv2(D)(↑)

Multi-Modal MAE w/o 1234m 92.2 51.9 52.1
w 980m(-20.58%) 92.3 52.6 57.2

Table 3: Ablation study of AtteNT pre-training configurations. Ratio controls how the fraction of
selected samples increases over epochs. Interval denotes how often the subset is re-sampled. Selection
specifies the sampling strategy: Random (no difficulty prior), Hard (selects only difficult samples),
and Soft (Gumbel-Top-k difficulty-aware sampling). The configuration (Incremental, Incremental,
Soft) in the red color row is adopted as our final AtteNT setting, as it simultaneously reduces
pre-training time and improves performance on all downstream tasks.

Pre-training Downstream
Ratio Interval Selection Training time(↓) ImageNetS50(↑) NYUv2(S)(↑) NYUv2(D)(↑)

- - - 1234m 92.2 51.9 52.1
Cosine Incremental Random 966m 88.6 45.3 49.6
Cosine Incremental Soft 995m 92.1 52.2 58.8
Cosine Fixed Soft 1301m 93.2 53.6 61.4
Incremental Incremental Soft 980m 92.3 52.6 57.2
Incremental Fixed Soft 1319m 92.4 53.7 62.1
Cosine Incremental Hard 972m 91.8 49.5 57.3
Cosine Fixed Hard 1285m 92.1 53.0 60.8
Incremental Incremental Hard 963m 91.4 48.4 57.2
Incremental Fixed Hard 1302m 92.5 52.7 59.5

As shown in Table 2, the AtteNT strategy results in a significant reduction in training time, saving
20.58% during long-duration training from scratch. Additionally, it consistently improves perfor-
mance across a wide range of downstream tasks. Notably, the depth estimation task exhibits the
largest gain, achieving a 5.1% improvement. We attribute this improvement to the nature of the
depth estimation task, which is independent of image type, thus preventing any disruption in data
distribution during the selection process. Our experiments demonstrate the efficacy of AtteNT within
the ViT architecture.

The practical performance gains stem directly from the curriculum effect induced by nonparametric
teaching (Bengio et al., 2009; Wang et al., 2021b; Zhang et al., 2023b; 2025), which greedily selects
the examples that most advance the learner. This naturally creates a curriculum that focuses training
on informative, high-gradient examples and avoids gradient dilution from already-mastered ones.

We further present the ablation study results for AttneNT, focusing on the effects of varying data
selection strategies and their impact on downstream tasks. Specifically, we investigate the influence
of dynamic changes in data selection ratios and step sizes, following the strategy proposed in (Zhang
et al., 2023b). Additionally, we examine how different selection strategies affect the performance
of downstream tasks. The Random strategy involves selecting data without any predefined criteria,
while the Hard strategy entails deterministic data selection. The Soft strategy, on the other hand,
uses probability-based data selection, derived from loss scores. To implement this, we apply the
Gumbel-Top-k selection algorithm (Kool et al., 2019) for sampling without replacement. Our results
show that the Soft selection strategy achieves the best performance in downstream tasks, significantly
improving the model’s robustness during training. A more detailed study of the sample ratio can be
found in Appendix D.1, and additional comparison results are provided in Appendix D.2.

6 CONCLUDING REMARKS AND FUTURE WORK

This paper introduces AtteNT, a novel paradigm that enhances the learning efficiency of attention
learners (i.e., ANNs) through nonparametric teaching theory. Specifically, AtteNT reduces the
wallclock time required to learn the implicit mapping from sequences to relevant properties by
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Table 2: AtteNT across various CV downstream tasks. ImageNetS50 uses 50 categories from ImageNet
for classification, evaluated by accuracy. NYUv2(S) is a semantic segmentation task with mIoU as
the metric. NYUv2(D) involves depth estimation, evaluated using the δ1 metric, which measures the
percentage of pixels with an error ratio below 1.25 (Doersch & Zisserman, 2017).

Model AtteNT Pretraining Time(↓) ImageNetS50(↑) NYUv2(S)(↑) NYUv2(D)(↑)

Multi-Modal MAE w/o 1234m 92.2 51.9 52.1
w 980m(-20.58%) 92.3 52.6 57.2

Table 3: Ablation study of AtteNT pre-training configurations. Ratio controls how the fraction of
selected samples increases over epochs. Interval denotes how often the subset is re-sampled. Selection
specifies the sampling strategy: Random (no difficulty prior), Hard (selects only difficult samples),
and Soft (Gumbel-Top-k difficulty-aware sampling). The configuration (Incremental, Incremental,
Soft) in the red color row is adopted as our final AtteNT setting, as it simultaneously reduces
pre-training time and improves performance on all downstream tasks.

Pre-training Downstream
Ratio Interval Selection Training time(↓) ImageNetS50(↑) NYUv2(S)(↑) NYUv2(D)(↑)

- - - 1234m 92.2 51.9 52.1
Cosine Incremental Random 966m 88.6 45.3 49.6
Cosine Incremental Soft 995m 92.1 52.2 58.8
Cosine Fixed Soft 1301m 93.2 53.6 61.4
Incremental Incremental Soft 980m 92.3 52.6 57.2
Incremental Fixed Soft 1319m 92.4 53.7 62.1
Cosine Incremental Hard 972m 91.8 49.5 57.3
Cosine Fixed Hard 1285m 92.1 53.0 60.8
Incremental Incremental Hard 963m 91.4 48.4 57.2
Incremental Fixed Hard 1302m 92.5 52.7 59.5

As shown in Table 2, the AtteNT strategy results in a significant reduction in training time, saving
20.58% during long-duration training from scratch. Additionally, it consistently improves perfor-
mance across a wide range of downstream tasks. Notably, the depth estimation task exhibits the
largest gain, achieving a 5.1% improvement. We attribute this improvement to the nature of the
depth estimation task, which is independent of image type, thus preventing any disruption in data
distribution during the selection process. Our experiments demonstrate the efficacy of AtteNT within
the ViT architecture.

The practical performance gains stem directly from the curriculum effect induced by nonparametric
teaching (Bengio et al., 2009; Wang et al., 2021b; Zhang et al., 2023b; 2025), which greedily selects
the examples that most advance the learner. This naturally creates a curriculum that focuses training
on informative, high-gradient examples and avoids gradient dilution from already-mastered ones.

We further present the ablation study results for AttneNT, focusing on the effects of varying data
selection strategies and their impact on downstream tasks. Specifically, we investigate the influence
of dynamic changes in data selection ratios and step sizes, following the strategy proposed in (Zhang
et al., 2023b). Additionally, we examine how different selection strategies affect the performance
of downstream tasks. The Random strategy involves selecting data without any predefined criteria,
while the Hard strategy entails deterministic data selection. The Soft strategy, on the other hand,
uses probability-based data selection, derived from loss scores. To implement this, we apply the
Gumbel-Top-k selection algorithm (Kool et al., 2019) for sampling without replacement. Our results
show that the Soft selection strategy achieves the best performance in downstream tasks, significantly
improving the model’s robustness during training. A more detailed study of the sample ratio can be
found in Appendix D.1, and additional comparison results are provided in Appendix D.2.

6 CONCLUDING REMARKS AND FUTURE WORK

This paper introduces AtteNT, a novel paradigm that enhances the learning efficiency of attention
learners (i.e., ANNs) through nonparametric teaching theory. Specifically, AtteNT reduces the
wallclock time required to learn the implicit mapping from sequences to relevant properties by
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Contributions Summary

Main Contributions:
• We propose Attention Neural Teaching (AtteNT), a novel paradigm that
interprets attention learner training through nonparametric teaching.

• We establish a theoretical bridge between parameter gradient descent of
attention learners and functional gradient descent via ANTK.

• We demonstrate substantial training acceleration for LLMs (13.01%) and ViTs
(20.58%) without sacrificing performance.
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Thank you for listening!
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